We have suggested in a previous article that the coarse-grained evolution of a collisionless stellar system could be viewed as a diffusion process in velocity space compensated by an appropriate friction. Using a quasi-linear theory, we calculate the diffusion coefficient associated with this evolution. This provides a new self-consistent relaxation equation for f , the locally averaged distribution function. This equation bears some resemblance to the conventional Fokker-Planck equation of collisional systems but the friction term is non-linear in f (accounting for degeneracy effects) and the relaxation time is much smaller (in agreement with the concept of 'violent relaxation'). Under the condition that the diffusion current vanishes identically at equilibrium, we recover Lynden-Bell's distribution function; but if we allow stars to escape from the system at a constant rate, we can derive a truncated model which coincides with Lynden-Bell's solution in the core but provides a depletion of highenergy stars in the halo. This distribution function has a finite mass and is the generalization of the Michie-King model to the case of (possibly degenerate) collisionless stellar systems.
The Vlasov equation (1) expresses the conservation of the distribution function in phase space while the Newton-Poisson equation (2) accounts for the interaction between matter and gravity. In these formulae, f is the distribution function (i.e. the average mass of stars in r with velocity v at time t), F ¼ ¹ٌF the total force (by unit of mass) acting on a star located in r, F the gravitational potential and nðr; tÞ ¼ f ðr; v; tÞ d 3 v the mass density. According to Newton's law, the gravitational force can be written as: represents the force created on r by a star (of unit mass) located in r 0 . We assume that the initial condition in phase space consists of a patch of uniform distribution function (f 0 ¼ h 0 ) surrounded by vacuum (f 0 ¼ 0). After some evolution, the patch mixes with vacuum and the coarse-grained (i.e. locally averaged) distribution function f takes values between 0 and h 0 . The fact that the coarse-grained distribution function cannot exceed the maximum value h 0 of the initial condition is responsible for an effective 'exclusion principle' leading to degeneracy effects, like in white dwarf stars, but of a non-quantum origin. This degeneracy, resulting from the incompressibility of the Vlasov equation in phase space, was first recognized by Lynden-Bell (1967) in his study of equilibrium.
We introduce the decomposition f ¼ f þf where f is the coarse-grained distribution function andf the fluctuations. If we take the local average of the Vlasov equation, we obtain a convection-diffusion equation:
for the coarse-grained distribution function, with a diffusion current J ¼fF related to the correlations of the fine-grained fluctuations. Note that the diffusion occurs only in velocity space. There is no diffusion in position space since the velocity v is a pure coordinate and therefore does not fluctuate. The problem in hand consists in determining the diffusion current J. Its detailed expression depends on microscopic processes and is therefore extremely difficult to capture. However, we can easily write down some macroscopic constraints that it must satisfy. These constraints are provided by the first and second principles of thermodynamics, namely the conservation of energy and the increase of entropy. We shall see that these constraints are in fact very strong and determine completely the structure of the diffusion current when an optimization procedure is implemented.
Since the energy of the fluctuationsfF is much smaller than the energy of the coarse-grained fieldfF, the macroscopic energy:
has to be conserved in the course of the violent relaxation. This sets a first constraint on the diffusion current:
Another constraint is provided by the second principle of thermodynamics. We expect indeed that Lynden-Bell's entropy:
increases monotonically during the mixing process until a stationary state is reached. The diffusion current must therefore satisfy the inequality:
This inequality reflects of course our ignorance about the microscopic filamentation occurring in phase space: information is lost by the coarsegraining procedure which erases small-scale oscillations. The general idea of the MEPP is to remain at a macroscopic level and take the best advantage of our ignorance of the subdynamics. We shall assume that 'during its evolution, the system tends to maximize its rate of entropy production while satisfying all the constraints imposed by the dynamics'. This principle was first applied in two-dimensional turbulence by Robert & Sommeria (1992) with a good deal of success (see, e.g., Robert & Rosier 1997) . It can be viewed as a variational formulation of the linear thermodynamics of Onsager and is a natural extension of the well-known principle of thermodynamics according to which 'at equilibrium, the system is in a maximum-entropy state with appropriate constraints'.
We seek therefore the optimal diffusion current J that maximizes the rate of entropy productionṠ at constant energyĖ ¼ 0 (for simplicity, we ignore here the conservation of angular momentum and impulse). Since the diffusion current J is related to the fine-grained fluctuations, it cannot be arbitrarily large. Therefore, we must impose an additional constraint to take into account this limitation (otherwiseṠ would be maximized by infinite diffusion currents). A constraint of the form J 2 Յ Cðr; vÞ would assume complete isotropy in velocity space . Since there is a preferred direction (the velocity v of the stellar fluid particle under consideration), the isotropy is broken. We can try therefore to impose the more general constraint x mn J m J n Յ Cðr; vÞ, where x mn J m J n is a positive definite quadratic form. Since
we can assume, without loss of generality, that x mn is symmetric. In that case, the variational principle can be written as:
where b and a are Lagrange multipliers. With the expressions (6) and (8) forṠ andĖ, it takes the form:
This integral must vanish for any variation dJ m of the diffusion current. Redefining x mn so as to incorporate the quantity f ðh 0 ¹ f Þ, we obtain:
Since x mn is symmetric, it can be diagonalized. Moreover, the condition that x mn J m J n is positive definite ensures that the eigenvalues of x mn are strictly positive. As a result, detðx mn Þ 0, so that x mn is invertible. If we introduce the inverse matrix ðD ¹1 Þ mn ϵ 2ax mn , we find that the diffusion current maximizing the rate of entropy production at fixed energy has the expression:
The diffusion coefficient can be made a little more explicit. Since D mn is a symmetric tensor of second order depending on v, it must be of the general form
Let us introduce a system of coordinates ðê x ;ê y ;ê z Þ such thatê z coincides with the direction of v. In this basis D mn is diagonal and we denote by
the diffusion coefficients in the directions parallel and normal to v. With these notations, the diffusion current can be written:
It is easy to show that the inverse tensor is
and that the positivity of ðD ¹1 Þ mn J m J n is equivalent to the requirements D k Ն 0 and D Ќ Ն 0.
Formulae (12) and (13) generalize our previous result to the case of an anisotropic diffusion. The diffusion current (12) consists of two parts: a (pure) diffusion term, which arises naturally from the variations of the entropy (fluctuation), and a friction term which is necessary to conserve energy (dissipation). Therefore, a kind of 'fluctuation-dissipation' theorem is buried in the MEPP. Moreover, using equation (13), we check that the friction force
is parallel and opposite to the velocity of the stellar fluid particle under consideration. The friction coefficient:
is given by an Einstein-like formula which follows directly from the application of the MEPP. The Lagrange multiplier bðtÞ evolves so as to satisfy the conservation of energyĖ ¼ 0 at any time:
and the positiveness of ðD ¹1 Þ mn J m J n (or equivalently that of D k and D Ќ ) ensures that the entropy increases during the relaxation:
(H-theorem). At equilibrium, J ¼ 0 and we recover the Fermi-Dirac statistics (see Section 5 for more details). The previous calculations can be easily extended to arbitrary initial conditions involving a density spectrum fhg as considered by Lynden-Bell (1967) . It is also possible to take into account the conservation of angular momentum and impulse; in that case, the velocity v is replaced by the relative velocity v ¹ Q ∧ r ¹ U where Q and U are Lagrange multipliers associated with L and P (see Chavanis et al. 1996) . The same procedure can be adapted to the case of collisional systems described by the Boltzmann entropy (7), and leads to the ordinary FokkerPlanck current:
This is also the form of equation (12) in the non-degenerate limit f p h 0 . However, in general, the non-linear term f ðh 0 ¹ f Þ must be taken into account, so that equation (12) is not a Fokker-Planck equation, i.e. it cannot be obtained from the Taylor expansion of a Markov process (Chandrasekhar 1943a) . In summary, the MEPP is able to provide a relevant expression for the diffusion current J. This relatively elegant and simple variational principle shows that the global structure of the relaxation equation is determined by purely thermodynamical arguments. All explicit reference to the subdynamics is rejected in the diffusion coefficient which cannot be captured by the MEPP (it appears as an ill-defined Lagrange multiplier). It must therefore be calculated with a microscopic model such as the quasi-linear theory described in the next section. from the Vlasov equation must necessarily incorporate the evolution equation off . This equation is simply obtained by subtracting equation (1) from (4):
The essence of the quasi-linear theory is to assume that the fluctuations are weak and neglect the non-linear terms in (17) altogether. In that case, equations (4) and (17) reduce to the coupled system:
where
is the advection operator (in phase space). Note the similar morphology of this system with equations (12) and (13) of Kandrup (1981) in his description of collisional systems based on projection operator techniques. Physically, these equations describe the coupling between a subdynamics (here the small-scale fluctuationsf ) and a macro-dynamics (described by the coarse-grained distribution function f ).
Equations (18) and (19) have been worked out by Kadomtsev & Pogutse (1970, KP) in the case of homogeneous plasmas and by Severne & Luwel (1980, SL) for inhomogeneous stellar systems. We shall not repeat their derivation in detail but just enumerate their principal steps and approximations: (i) Equation (19) is first solved formally with the help of Fourier transforms (KP) or Green functions (SL). This gives rise to an iterative process:f ðtÞ depends onFðt ¹ tÞ which, because of the coupling (3) between matter and gravity, depends itself onf ðt ¹ tÞ and so on. In the weak coupling approximation, this iterative process is truncated to quadratic order in G and the result is substituted back into (18). where rðt ¹ tÞ is the position at time t ¹ t of the stellar fluid particle located in rðtÞ ¼ r at time t. (iv) It is then assumed that the trajectories of the stellar fluid particles are linear, so that rðt ¹ tÞ ¼ r ¹ vt. With this linear trajectory approximation, Severne & Luwel (1980) arrive at the inhomogeneous equation (with different notations):
where (20) is very similar, in structure, to equation (42) of Kandrup (1981) for collisional systems (see also Severne & Haggerty 1976) , with nevertheless two important differences: (i) In a collisional system, the product F m F n is replaced by F m F n where F ¼ F ¹ hFi, the fluctuating force, represents the deviation from mean field of the exact dynamics of the stars; for collisionless systems (whose description is intrinsically mean-field), the fluctuations are the result of the small-scale oscillations superimposed on the coarse-grained field. They give rise to a non-linear term f ðh 0 ¹ f Þ (instead of f ). This non-linear term is the mark of the degeneracy discovered by Lynden-Bell at equilibrium and accounts for the incompressibility of the Vlasov equation in phase space.
(ii) In equation (20), the mass e 3 r e 3 v h 0 of a completely filled macrocell replaces the mass m of the stars which appears in the description of collisional systems; as we shall see in Section 4, this has strong consequences on the relaxation time-scales.
We note now that, when e r → 0, the main contribution to the integral in equation (20) arises when r 0 approaches r, i.e. for close interactions. Severne & Luwel (1980) This leads to the modified Landau equation first derived by Kadomtsev & Pogutse (1970) for homogeneous Coulombian plasmas:
where f 0 stands now for f ðr; v 0 ; tÞ and
is the usual logarithmic factor (it has been truncated for small scales at e r , the resolution length, and for large scales at R, the system size). This equation still applies to inhomogeneous systems but, as a result of the local approximation, the effect of inhomogeneity is only retained in the advective operator
If we introduce a diffusion coefficient and a friction term:
we can rewrite equation (21) in a form similar to the general Fokker-Planck equation:
However, as mentioned previously, the connection with the Fokker-Planck equation is not straightforward because of the presence of the non-linear term f ðh 0 ¹ f Þ. Following the same procedure as for the usual Landau equation, we can show that equation (21) conserves the macroscopic energy (5). In fact, as a result of the local approximation, the energy is conserved locally (as if the system were homogeneous) and we have ∂f
instead of equation (6). It is also easy to prove that equation (21) satisfies an H-theorem:Ṡ Ն 0. When a stationary state is reached,Ṡ ¼ 0 and a Fermi-Dirac distribution is obtained. This is consistent with the maximum-entropy calculation of Lynden-Bell (1967) and provides another way of justifying his results from a dynamical point of view which does not rely explicitly on a maximization of entropy (the H-theorem is an outcome of the kinetic theory).
It is important to stress, however, that this quasi-linear theory cannot describe the early, very non-linear and very chaotic, stages of the 'violent relaxation'. Indeed, the detailed study of Severne & Luwel (1980) reveals that the various approximations introduced in the theory make equation (21) applicable only for t q t D , where t D is the dynamical time. Since the relaxation time is precisely of order t D (see Section 4), the quasi-linear theory is only marginally applicable and can describe, at most, the late quiescent phases of the relaxation. By contrast, it is plausible that equation (12) is more general and more appropriate to the context of 'violent relaxation' since it results from a thermodynamical approach which exploits at best the chaoticity of the system and the complete lack of information that we have to face at small scales. As a clear difference, it should be noted that the MEPP takes into account only the global conservation of energy [the Lagrange multiplier bðtÞ is therefore a kind of averaged inverse temperature determined by an integration over the whole system 3 ] whereas the approximations introduced in the kinetic model lead to a local conservation of energy. This strong locality cannot account for the rather collective processes which are involved in the violent relaxation and may unveil a failure of the quasi-linear theory. However, in Section 4, we show that the two approaches are consistent if we are close to equilibrium and use the quasi-linear theory as a model to determine an explicit expression for the diffusion coefficient.
C A L C U L AT I O N O F T H E D I F F U S I O N C O E F F I C I E N T
The equations provided by the MEPP and by the quasi-linear theory have a very different mathematical structure. The equation of the MEPP, obtained by substituting equation (12) into (4), is a partial differential equation whereas the modified Landau equation (21) is an integrodifferential equation: the value of f ðvÞ at time t þ dt depends explicitly on the whole distribution of velocities f ðv 0 Þ at time t (through an integration over v 0 ). The usual way to transform an integrodifferential equation into a partial differential equation is to make a guess for the function appearing in the integral and refine the initial guess by successive iterations. In practice, we simply make one sensible guess. Therefore, if we are close to equilibrium (and this is in fact dictated by the conditions of validity of the quasi-linear theory), it seems natural to
D E R I VAT I O N O F A T R U N C AT E D M O D E L
We now consider stationary solutions of equation (31). Combining equations (8), (12) and (6) we can write the rate of entropy production in the forṁ
This shows that the entropy always increases and that a purely static solution of equation (31) is obtained when the diffusion current vanishes: J ¼ 0. Solving for f we obtain the Lynden-Bell distribution function:
2 þ F is the individual energy of a star and l a constant. However it is well known that Lynden-Bell's distribution function (like the Maxwell-Boltzmann distribution function to which it reduces for large energies) does not admit any physical solutions in an unbounded domain when combined with the Poisson equation (the mathematical solution has an infinite mass!). The relaxation towards equilibrium is therefore necessarily incomplete and truncated models must be considered. In a previous article (Chavanis & Sommeria 1998b) we have investigated the structure and the stability of degenerate equilibrium states confined in a box against which the stars bounce elastically. Our study enlightens the 'core-halo' structure of a self-gravitating system and the stabilizing role of the degeneracy with respect to the gravothermal catastrophe. However, in order to construct more realistic galaxies, we try to build up here a truncated model that avoids the introduction of an artificial container.
In fact, this problem was already tackled by Lynden-Bell (1967) in his original paper. He proposed to describe the evolution of the coarsegrained distribution function f by an ordinary Fokker-Planck equation, with the heuristic argument that the fluctuations of the gravitational potential during violent relaxation play the same role as collisions. With the additional (heuristic) argument that D ϳ 1 v 3 for large velocities, he could obtain a stationary solution of a Michie-King type:
where e m is the energy of escape. This distribution function provides a depletion of high-energy states and solves the infinite-mass problem. Moreover, Michie-King models give relatively good fits with ellipticals. Our present approach justifies the two phenomenological arguments of Lynden-Bell (1967) since equation (31) reduces to the FokkerPlanck equation if we assume f p h 0 (no degeneracy) and equation (32) gives a diffusion coefficient D ϳ 1 v 3 for large velocities. There is however a kind of 'gap' in Lynden-Bell's approach since equation (37) does not reduce to the Fermi-Dirac statistics (36) in the limit of small energies. Using the more general equation (31), which accounts properly for degeneracy, we try now to build up a 'one-piece' distribution function that makes the bridge between Lynden-Bell's statistics (36) for e p e m and the Michie-King model (37) for e ϳ e m .
During the stage of violent relaxation, the stars extract their energy from the rapid fluctuations of the gravitational field. By this process, some stars may acquire very high energies and escape from the system (being ultimately captured by the gravity of other systems). For these stars, D ¼ K v 3 is a good approximation and equation (31) becomes:
We seek a stationary solution of the form f ¼ f ðeÞ. Using the identity
or equivalently ∂f ∂e
where J is a constant of integration. Physically, this equation accounts for an escape of stars at a constant rate J. The system is therefore not truly static since it gradually loses stars, but we may consider that the galaxy passes through a succession of quasi-stationary states that are solutions of equation (40). As stated previously, this equation is valid only for high-energy stars. For lower energies, the system has settled down in a pure equilibrium state and J ¼ 0, leading to the Lynden-Bell distribution. Our goal now is to solve equation (40). Put under the form: Kadomtsev & Pogutse (1970) and Severne & Luwel (1980) . The development of these ideas may lead to other truncated models maybe closer to those introduced phenomenologically by, for example, Stiavelli & Bertin (1987) , Tremaine (1987) and Hjorth & Madsen (1991) characterized by a polytropic behaviour of the distribution function near the escape energy. However, no rigorous or entirely satisfactory derivation of these models has been given for the moment. By contrast, our model is obtained as a stationary solution of a dynamical equation (whose form results from a general thermodynamical principle), which shows clearly how the effects of degeneracy can be taken into account out of equilibrium.
C O N C L U S I O N
In this article and in the previous ones Chavanis & Sommeria 1998b) , we have discussed the statistical mechanics of collisionless stellar systems with particular attention given to the degeneracy effects that arise as a result of the incompressibility of the Vlasov equation in phase space. A relaxation equation has been proposed to model the evolution of the distribution function on a coarse-grained scale. This equation has been obtained from a 'thermodynamical' approach which can be viewed as the most natural extension of Lynden-Bell's theory out of equilibrium. The form of this equation is also consistent with a 'perturbative' approach (based on a quasi-linear theory) valid at large times. This connection made it possible to obtain an explicit expression for the diffusion coefficient and to derive a truncated model for collisionless stellar systems. This model preserves the main features of Lynden-Bell's distribution but has a finite mass. As mentioned previously, one contribution of our work is to account properly for the effects of degeneracy at and out of equilibrium. This degeneracy has been vindicated by a large number of numerical simulations (Hohl & Campbell 1968; Janin 1971; Fujiwara 1983; Melott 1983 ) but, despite its conceptual interest (this is a direct consequence of the Liouville theorem), it has not been studied in detail since its discovery by Lynden-Bell (1967) . It seems indeed that elliptical galaxies fall in the non-degenerate limit. However, it is possible that degeneracy comes into play only at very small radii (which are not yet resolved) and may have nevertheless an important stabilizing role (see Chavanis & Sommeria 1998b for a more complete discussion). On the other hand, in the case of dark matter made of massive neutrinos, it has been suggested recently (Kull, Treumann & Böhringer 1996) that this 'statistical' degeneracy could be relevant in the core region of clusters of galaxies, allowing the neutrino hot dark matter (HDM) density to exceed the limit imposed by Tremaine & Gunn (1979) . A better description of this intriguing phenomenon, specific to collisionless self-gravitating systems, is therefore required. 
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